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Abstract-Self-organizing maps (SOM) have become a 
commonly-used cluster analysis technique in data mining. 

However, SOM are not able to process incomplete data. To 
build more capability of data mining for SOM, this study 

proposes an SOM-based fuzzy map model for data mining with 

incomplete data sets. Using this model, incomplete data are 

translated into fuzzy data, and are used to generate fuzzy 
observations. These fuzzy observations, along with obser

vations without missing values, are then used to train the SOM 
to generate fuzzy maps. Compared with the standard SOM 

approach, fuzzy maps generated by the proposed method can 
provide more information for knowledge discovery. 

Keywords-juzzy clustering; incomplete data; self-organizing 
maps 

1. INTRODUCTION 

Data mining is the process of trawling through data in the 
hope of identifYing patterns. Data mining is different from 
traditional statistical analysis in that it is aimed at finding 
unsuspected relationships which are of interest or value to 
the databases owners, or data miners [I]. Due to the large 
number of dimensionality and the huge volume of data, 
traditional statistical methods have their limitations in data 
mining. To meet the challenge of data mining, artificial 
intelligence techniques have been widely used in data mining 
[2]. Among those artificial intelligence data mining methods, 
the self-organizing maps (SOM) method based on Kohonen 
neural network [3] has become one of the powerful 
techniques of data mining through cluster analysis. SOM has 
advantages over statistical and other non-traditional methods 
of cluster analysis because of their simplicity and relaxation 
of strict assumptions [4], and are considered as an effective 
method in dealing with high-dimensional data. More impor
tantly, the SOM method provides a base for the visibility of 
clusters of high-dimensional data. It shifts cluster analysis 
from the traditional data-centred approach to the human
machine interaction approach. This unique feature makes 
data mining more effective in terms of incorporation of 
human domain interests in cluster analysis. 

The standard SOM approach, however, is not able to 
process input data with missing values. On the other hand, in 
data mining, it is a rare case where the data set contains 
entries for all of the variables for each observation. Although 
there has been a large amount of work on fuzzy SOM (e.g. [5, 
6]), the fuzzy SOM models reported in the literature do not 

address the problem of incomplete data. Also, the feature 
maps generated by these fuzzy SOM models are virtually 
crisp. This study is to add an important advantage to the 
SOM technique for data mining by proposing an SOM-based 
fuzzy map model that can effectively deal with missing data. 

II. Fuzzy OBSERVATIONS WITH MISSING VALUES 

In data mining, one can rarely find a case where the data 
set contains entries for all of the variables for each obser
vation. This is especially true when mining survey data sets 
such as marketing surveys and questionnaires. Commonly, 
surveys and questionnaires are often only partially completed 
by respondents. The extent of damage of missing data is 
unknown when it is virtually impossible to return the survey 
or questionnaires to the data source for completion, but it is 
one of the most important parts of knowledge for data 
mining to discover. 

One of the convenient solutions to incomplete data is to 
eliminate from the data set those records that are missing 
values. This, however, ignores potentially useful information 
in those records. In cases where the proportion of missing 
data is large, the conclusions drawn from the screened data 
set are more likely to be misleading. 

Another simple approach of dealing with missing data is 
to use generic 'unknown' for all missing data items. 
However, this approach does not provide any fuzzy infor
mation that might be useful for interpretation of missing data. 

The third solution to dealing with missing data is to 
estimate the missing value in the data field. In the case of 
time series data, interpolation based on two adjacent data 
points that are observed is possible. In general cases, one 
may use some expected value in the data field based on 
statistical measures [7, 8]. However, in data mining, survey 
data are commonly of the types of ranking, category, 
multiple choices, and binary. Interpolation and use of an 
expected value for a particular missing data variable in these 
cases are generally inadequate. 

Next, we apply the fuzzy sets theory [9] and develop a 
fuzzy sets method to treat missing values. Without loss of 
generality, we assume that an observation X(x], X2, • •. Xm) 
represents a discrete event in the sample space, where each 
variable Xj G=I, 2 ... m) takes discrete values. In cases where 
a variable takes continuous values, one may make bins based 
on a certain criteria of intervals. The number of bins might 
affect computational time, but does not particularly influence 
knowledge discovery in data mining. 
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If an observation without missing data is considered crisp, 
then an observation with missing data becomes fuzzy due to 
the uncertainty of the missing value. Nevertheless, in discrete 
cases, the possible values the missing data variable might 
take are known. Also, one may estimate the possibility of the 
missing value for the missing data variable based on general 
knowledge or distributions of available data. The fuzzy event 
is then perceived a set of crisp observations weighted on the 
possibility of the missing values, called fuzzy observations. 
For instance, suppose we have a fuzzy observation X(x/, 
x], ... , Xc, • . • , xm) where Xc is the variable with missing value, 
and it is known that Xc takes one of the values from{l, 2, 3, 4, 
5}. If the available data show that the chances of the five 
values are equal, then the fuzzy observation can be perceived 
the sum of five weighted observations: E i O.2X(x/, X2, • • .  , 
i;··, xm), (i = 1, ... ,5). These five perceived observations can 
be used for training the SOM to generate fuzzy maps, as 
explained later in this article. Next, we use formal 
descriptions to define fuzzy observations. 

Let A be a non-fuzzy event, A E Q where Q is the data 
mining sample space. The membership function of A of an 
observation X(x/, X2, ... , xm) without missing values is 
defined to be 1; that is, 

(1) 

and 

(2) 

Suppose the observation has a missing value for the variable 
Xc, and x,E R, where R ={rJ, r2, ... , rp} is the support of x,. 
The observation becomes fuzzy; that is 

(3) 

where A � is a fuzzy event. Let Pj denote the fuzzy member
ship of the fuzzy observation belong to a possible crisp 
observation 

(4) 

That is, Pf is the possibility with which the missing data 
variable takes value rj' or, in fuzzy sets terms, the fuzzy 
membership with which the missing data variable belong to 
rf. The fuzzy event A � can be written as 

Where Pj is the fuzzy membership of the fuzzy observation 
belonging to a possible corresponding crisp observation, and 
E j Pj = I. In this study, we use fuzzy membership instead of 
probability to specify missing data, because the data miner 
can have hislher subjective judgement on the possible 
outcomes of the missing values. Our objective of dealing 
with missing data is to generate self-organizing maps with 
fuzzy clusters for the data miner. 

If an observation has more than one missing data variable, 
one can always work on one missing data variable each time, 
and repeat the procedure to generate fuzzy observations for it. 
Apparently, the more missing data variables an observation 
has, the fuzzier the generated fuzzy event would be. 

To determine Pf' one must select a fuzzy membership 
function for the missing data variable based on general 
knowledge or available data. For instance, suppose a survey 
question regarding teaching evaluation requires five-point 
ranks. One might be able to find out a fuzzy membership 
function, such as 
{0.3/5, 0.3/4, 0.2/3, 0.1312, 0.07/1} 
for the missing value based on the complete data records in 
the database. 

Generally, in data mining with discrete survey data, 
rectangular, trapezoidal, and triangular are common types of 
fuzzy membership functions for missing values, as shown in 
Fig. 2. 

Rectangular Trapezoidal 

I� 
Ascendant Triangular Descendant Triangular 

L 
Symmetric Triangular Reversed Symmetric Triangular 

Figure 1. Typical fuzzy membership functions for missing values 

We use simple examples to explain the procedure of the 
generation of fuzzy observations. Suppose we have an 
observation with missing data X = [1, Z, 2], where Z is the 
variable with missing values and z = {0.212, 0.8/3}. Then the 
fuzzy observations for the fuzzy event are A � = {0.2[1, 2, 2] 
and 0.8[1, 3, 2]}. 

When more than one variable has missing values, we can 
work in one missing data variable each time, and repeat the 
procedure to the next missing data variable to generate a set 
of fuzzy observations for the fuzzy event. For example, 
suppose we have an observation with missing data X = [1, z, 

y], where z and y are the variables with missing values, and z 

= {0.212, 0.8/3} and y ={0.7/4, 0.3/5}. Then the four fuzzy 
observations for the fuzzy event are A � = {0.14[1, 2, 4] and 
0.06[1, 2, 5] and 0.56[1, 3, 4] and 0.24[1, 3, 5]}. 

Note that the generation of fuzzy observations is not an 
objective of data mining; rather, this process will make it 
possible to utilize those observations with missing data, and 
thus add more information to the data mining than what is 
provided by the observations without missing data. The 
selection of fuzzy membership functions for missing values 
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is subject to the data miner's subjective judgement. Discrete 
probability distributions might provide a base for the 
selection of fuzzy membership functions; however, the use 
of probability distributions often introduces biases. Missing 
information might be more properly handled in the 
framework of possibility theory. Yet this study has not 
investigated this issue in any detail. 

III. SELF-ORGANIZING FUZZY MAPS 

The proposed method is to transform observations with 
missing values to fuzzy observations and then use them to 
train the SOM in order to generate a fuzzy map. After 
observations with missing data have been converted into 
fuzzy observations, each of the generated fuzzy observations 
becomes an observation with complete data, but possesses its 
fuzzy membership. All crisp and fuzzy observations are then 
used to train the SOM. This SOM-based fuzzy map model is 
different from the ordinary SOM approach. It remembers the 
fuzzines� of an observation if it is derived from a fuzzy 
observatIOn, and cumulates the value of fuzzy membership 
for each of the activated output node for the generation of a 
fuzzy. map. This method does not change the training 
algonthm of SOM per se, and the connections of the SOM 
represent the training observations which are all with 
complete data. However, after the training, the fuzzy map is 
depicted based not only on the trained SOM, but also on the 
fuzzy memberships of these training observations. The 
procedure of the proposed method is summarised below. 

Step 1. Generate fuzzy observations. 
(1.1) Let S be the number of available observations, SI the 

number of observations without missing values, and 
S2 the number of observations with missing values. 
For f-th (f =1.. .S2) observation with missing values, 
generate Fj fuzzy observations, and Fj = {p j, P2, ... ,Pq} , 
where pg(g = 1, ... ,q) is the number of possible values 
of xg, and q is the number of the variables that have 
missing values. The total number of observations 
becomes S' = SI + (Fl + F2 + ... + F,«2). 

(1.2) Let s be the index of all crisp and fuzzy observations. 
Each observation for training SOM is X, (s = 1,2, ... ,S'). 
Let As be the array which holds the fuzzy membership 

of each Xs (s = 1,2, ... ,S'). As = 1, if Xs is a crisp 
observation or As = A �,if Xs is a derived fuzzy obser
vation (see (5)). 

Step 2. Initialize the SOM training procedure. 
(2.1) Set time t = O. 
(2.2) Set the SOM with m input nodes and N output nodes, 

where m is the dimensionality of input X, and N is the 
number of bins of the map. Initialize the weights wij (t 
= 0), from input node i (i = 1,2, ... , m) to output node} 
(j = 1, 2, ... , N), to small random numbers. 

(2.3) Set the initial neighbourhood vet = 0) = k, and k is an 
arbitrary integer (e.g. k = N in this study). 

(2.4) Set the initial leaming rate T](t = 0) = p, where 0< p <1. 
(2.5) Set the index of observations s = 1. 
Step 3. Train the SOM. 
(3.1) If s < S', set s = s + 1; else set s = 1. 

Present observation X,. 
(3.2) Compute 

M 

DJ = �.:cx, (t) - W,/t))2 
i=l 

where x; (t) is the input to node i at time t and Wi{t) is 
the weight from input node i to output node} at ti�e t. 

(3.3) Select the winner output node J such that 
DJ=min{D}· 

J J 

(3.4) Define the set 

VJ(t) = {j I max[I, (J -v (t))]:s;}:s; min[(J + v(t)),k} 

Update weights as follows: 

Wij(t + 1) = [wij (t) + 17(t)(x, (t) -wij (t))] 

for }EvJ(t),and 1:s; i:s; M 

Wij (t + 1) = wij (t) otherwise. 
(3.5) If T](t) < 8, where 8 is a predetermined small positive 

constant (e.g. 0.0001), then Step 4; 
else calculate 
T](t) = 81T](t) and vet) =82v(t) 
where 0 < 81 < 1 and 0 < 82 < 1, and 81 and 82 are so 
designed 
that vet) ----- 1 when T](t) ----- 8; 

Set t = t + 1; and go to Step (3.1). 
Step 4. Generate the fuzzy map. 
(4.1) Create a two-dimension co-ordinate. The horizontal 

axis J has N bins arranged in order of the N output 
nodes of the SOM. The vertical axis A represents the 
strength of the generated clusters by the trained SOM. 

(4.2) For each observation Xs (s = 1,2, ... ,S'), perform the 
following sub-steps. 

(4.2.1) Present X, to the trained SOM. It is then organized 
by the trained SOM to the output node} (j = 1, . . .  ,N). 

(4.2.2) Locate bin} on the J axis. On the A direction of bin}, 
add a black bar (with height = As) for the non-fuzzy 
observation, plus a grey bar (with height = As) on the 
top for a generated fuzzy observation. 

As s.hown in the above fuzzy map generation procedure, 
the tramed SOM along with fuzzy memberships of 
individual generated observations are used to depict the 
fuzzy map. To depict crisp clusters as well as fuzzy clusters, 
one-dimensional maps are used for the trained SOM. The 
one-dimensional map looks almost the same as histogram in 
statistics, as shown in Fig. 3. The horizontal axis represents 
locations of output nodes of the SOM. The height of a bar 
indicates the number of observations which activate the 
output node of the SOM at the corresponding location. A 
black bar indicates the frequency of the appearance of crisp 
observations (i.e. observations without missing data) at the 
particular position on the map, and the grey bar on the top of 
a black bar indicates the cumulated frequency of the 
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weighted observations derived from fuzzy observations at 
that position. Clusters are then identified on the map. 

To illustrate the proposed fuzzy map method for 
incomplete data, we present a simple example as foHows. 
Suppose we have three real observations Xl = [1, 4], Xz = [2, 
4], and X3 = [z, 4], where z is a missing value. The variable 
with the missing value has the foHowing fuzzy membership 
function: 
{0.81l, 0.212} 
Then the set observations for training SOM becomes Xl =[1, 
4], Xz = [2, 4], X3 = [1, 4], and X4 = [2, 4]. Suppose the 
trained SOM has two active output nodes: one is for Xl and 
X3, and the other is for Xz and X4. Based on the trained SOM, 
we depict two bars on the histogram-style fuzzy map. Since 
the fuzzy memberships of these four observations are: Al = 1, 
Az = 1, A3 = 0.8, and A4 = 0.2, one bar is 1.8 unit taH with 1 
unit black and 0.8 unit grey on the top, and the other bar is 
1.2 unit taH with 1 unit black and 0.2 unit grey on the top. 

Figure 3 depicts three hypothetical cases. Cluster A is a 
crisp cluster which is generated by observations without 
missing values. Cluster B shows the case where fuzzy 
observations enlarge a crisp cluster, indicating that the 
cluster based only on observations without missing data is 
valid. Cluster C is a very fuzzy cluster. As shown by the 
black bars, the cluster can hardly be identified based only on 
crisp observations. The contribution of fuzzy observations to 
the SOM in this case is the disclosure of the potential 
clusters. 

Crisp cluster Cluster enlarged Cluster generated 
by fuzzy observations by fuzzy observations 

• Observations without missing values 

III! Obselvations without missing values (Fuzzy observations) 

Figure 2. Depicted histogram-style fuzzy map 

Clearly, when observations with mIssmg values are 
transformed to fuzzy observations, the size of the training 
sample becomes large, depending on the number of missing 
values and their categories. This transformation approach 
might not be feasible for statistical methods such as k-means 
algorithm, but can be applied to SOM because of the 
efficiency of SOM learning process. The fuzzy clusters can 
add more information to the non-fuzzy results generated by 
imputation models (e.g. the one reported in [2]) for missing 
data. Furthermore, based on these clusters identified on the 
SOM, one can apply a formal evaluation method, such as k
means algorithm, to evaluate the validity for the found 
clusters [10]. 

IV. DATA MINING WITH INCOMPLETE DATA SETS: A CASE 

STUDY 

In this section, we use a real-world example to demon
strate the method described. Student opinion survey methods 
are widely used at universities to evaluate the teaching 
performance of professors. The data used in this example 
came from student's course evaluation at Shenyang Normal 
University, China. In this case, 20 questions describe the 
characteristics of a teacher's performance. Each question is 
rated on a five-point scale by the students. A high rank for a 
question indicates a positive answer. The sets of multivariate 
data are used to judge effectiveness of teaching. One task for 
the teaching centre of the university is to identifY problems 
in teaching so that it can take relevant measures (e.g. 
education seminars and workshops) to tackle these problems. 

Twenty variables consisted of the multivariate dimen
sions for the SOM. Our sample data of 2820 student 
evaluations were coHected to identifY the problems in 
teaching at this university. Among these session records, 
1918 (68%) were complete, and 902 (32%) had missing data. 
A multivariate linear regression analysis on the complete 
data set indicated that no linear relationship exists between 
any of the variables and effective teaching. Thus, the SOM 
cluster analysis method was applied to identifY the problems. 
The computer program in C# implemented the SOM. 

Figure 3. The fuzzy map of the student opinion survey example 
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TABLE!. A SUMMARY OF THE DATA MINING RESULTS OF THE EXAMPLE 

Clusters Variables receiving low ranks Interpretation 
A V13: Where appropriate, helpful comments are 

provided when student work is graded. 
Students need more convincing comments on the test 
results. 

V16: Test and assignments provide adequate 
feedback on student progress. 

Tests and assignments do not provide feedback for 
students. 

B VIS: Tests and assignments are reasonable measures 
of student learning 

Tests and assignments should be better designed 

C None Excellent teaching. 
D 
(Fuzzy 
cluster) 

V2: The instructor explains difficult concepts clearly 
and understandably. 

Difficult concepts are not well described. 

E 
V20: The text book(s) and course material are useful. 
Nearly all Variables 

General observations indicated that the distributions of 
five-point ranks were trapezoidal with the peak value at 
ranks 4 and 5. Hence, trapezoidal fuzzy membership 
functions with the following values were applied to the 
variables with missing values in generating fuzzy observa
tions. 

{0.30/5, 0.30/4, 0.20/3, 0.1312, 0.0711} 
The SOM topology was set to 200 output nodes, 200 

nodes for the initial neighbourhood, the initial learning rate 
of 0.01, and 2000 learning iterations. Figure 4 shows the trial 
result of the fuzzy map. In Fig. 4, the core part (black) 
represents the data records without missing values, and the 
fuzzy part (grey) on the top of the core represents the fuzzy 
observations (i.e. data records with missing values). Using 
rule of thumb that 'three to five clusters for 80% of points', 
five clusters (marked A, B, C, D, and E respectively in Fig. 4) 
were identified on the fuzzy map. Among the five clusters, A, 
B, C, and E were relatively clear, while D was fuzzy. Cluster 
D was contributed mainly by fuzzy observations. 

The original multivariate data corresponding to the 
clusters were extracted. The variables with low ranks (below 
the average) were detected, and problems were then 
identified, as summarised in Table 1. In cluster C, few 
variables had low ranks, and thus this cluster represented the 
group with excellent teaching. In cluster E, virtually every 
variable had low ranks, and this cluster represented the group 
with much difficulties in teaching. According to this fuzzy 
clustering result, two specific problems were considerably 
clear for improving teaching. That is, teachers often 
neglected helpful comments on tests and assignments and 
overlooked the issue of design of tests and assignments. 
Another problem was relatively fuzzy. This cluster might not 
be significant if data records with missing values were 
excluded in training the SOM. The interpretation of this 
cluster was that many teachers did not fully use (or did not 
carefully select) textbooks and course material to explain 
difficult concepts of the course. 

V. CONCLUSIONS 

In the data mining field, SOM are considered a useful 
technique in allowing the data miner to view high
dimensional data. Compared with the traditional statistical 
techniques, SOM are more capable of clustering high-

Specifically, the textbooks do not give much help. 
The class sessions in this group have too many 
problems in teaching. 

dimensional data, and is one of the effective techniques in 
data mining. However, the standard SOM approach is not 
able to process incomplete data. This article proposes an 
SOM-based fuzzy map model for data mining with 
incomplete data. This model has two key components: 
translation of observations with missing data into fuzzy 
observations, and histogram-style fuzzy maps. Through the 
real-world case, this article has demonstrated that SOM can 
be more useful in data mining with incomplete data if the 
proposed fuzzy model is applied. 
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